We study theoretically the spatiotemporal response of a lipid membrane submitted to a local chemical change of its environment, taking into account the time-dependent profile of the reagent concentration due to diffusion in the solution above the membrane. We show that the effect of the evolution of the reagent concentration profile becomes negligible after some time. It then becomes possible to extract interesting properties of the membrane response to the chemical modification. We find that a local density asymmetry between the two monolayers relaxes by spreading diffusively in the whole membrane. This behavior is driven by intermonolayer friction. Moreover, we show how the ratio of the spontaneous curvature change to the equilibrium density change induced by the chemical modification can be extracted from the dynamics of the local membrane deformation. Such information cannot be obtained by analyzing the equilibrium vesicle shapes that exist in different membrane environments in light of the areadifference elasticity model.
Introduction
During cell life, membranes are submitted to an inhomogeneous and variable environment. Local inhomogeneities can be strongly related to biological processes, which has led to experiments investigating the effect of local modifications on biomimetic membranes [1] . For instance, in the inner membrane of mitochondria, the enzymes that use the local pH difference across the membrane to synthesize adenosine triphosphate, the cell's fuel, are located in membrane invaginations called cristae [2] . Experiments on model lipid membranes have shown that a local pH change can induce a local dynamical membrane deformation [3, 4, 5, 6, 7] , and in particular the formation of cristae-like invaginations [3] : membrane shape is tightly coupled to local pH inhomogeneities. Other concentration inhomogeneities in the environment of a cell have a crucial biological role, for instance in chemotaxis or in paracrine signaling. It is therefore of great interest to study the response of a biological membrane to a local modification of its environment.
Motivated by experiments conducted on biomimetic membranes, we have developed a theoretical description of the dynamics of a lipid bilayer membrane submitted to a local concentration increase of a substance that reacts reversibly and instantaneously with the membrane lipid headgroups. We focus on the regime of small deformations, and we treat linear membrane dynamics in the spirit of Ref. [8] . While our first works focused on the simple case of a constant modification of the membrane involving only one wavelength [4, 5] , we have recently extended our theoretical description in order to take into account the spatiotemporal profile of the fraction of chemically modified lipids resulting from the local reagent concentration increase [7] . This profile is determined by the diffusion of the reagent in the solution that surrounds the membrane. In Ref. [7] , we compared the predictions of this theoretical description to experimental measurements of the deformation of the membrane of giant unilamellar vesicles caused by local microinjection of a basic solution, and we obtained good agreement between theory and experiment.
In the present article, we pursue the theoretical investigation of the effect of a local chemical modification on a lipid membrane. In general, the dynamics that results from a local reagent concentration increase is quite complex, as it involves the evolution of the reagent concentration profile simultaneously as the response of the membrane. This is the case in the experimental data analyzed in Ref. [7] , which corresponds to microinjection steps lasting a few seconds. Here, we show that the effect of the evolution of the reagent concentration profile on the membrane dynamics becomes negligible some time after the beginning of the reagent concentration increase, after what the dynamics corresponds to the response of the membrane to a chemical modification imposed instantaneously. We find that studying this regime enables to extract interesting properties of the membrane response.
The article is organized as follows. First, in Sec. 2, we review the linear dynamics of a membrane submitted to a local chemical modification. Then, in Sec. 3, we study separately the dynamics associated with each of the two effects that can arise from a chemical modification, namely a spontaneous curvature change and an equilibrium density change of the external monolayer. We find that a local asymmetric density perturbation between the two monolayers of the membrane relaxes by spreading diffusively in the whole membrane. Intermonolayer friction plays a crucial part in this behavior. Subsequently, in Sec. 4, we treat the general case where both effects are present, and we show how the ratio of the spontaneous curvature change to the equilibrium density change induced by the local chemical modification can be extracted from the dynamics. This ratio cannot be deduced from the study of global modifications of vesicle equilibrium shapes in light of the area-difference elasticity model [9] . Finally, Sec. 5 is a conclusion.
Dynamics of a chemically modified membrane
For the article to be self-contained, the present section reviews the linear dynamics of a membrane submitted to a local chemical modification, starting from first principles. The main points of this description were presented in Ref. [7] . In that article, we compared theoretical predictions to experimental measurements of the deformation of a membrane submitted to a local and brief pH increase. Here, our aim will be to go further in the analysis of our theoretical description in order to understand the fundamental properties of the response of a membrane to a local chemical modification.
Monolayer free energy
Our description of the bilayer membrane is based on a local version of the area-difference elasticity membrane model [8, 10, 11] . We focus on small deformations of an infinite flat membrane, and we denote the upper monolayer by + and the lower one by −.
In the absence of a chemical modification, the local state of each monolayer is described by two variables: the local total curvature c defined on the membrane midlayer, which is common to both monolayers, and the local scaled density r ± = (ρ ± − ρ 0 )/ρ 0 , defined on the midlayer of the membrane, ρ 0 being a reference density. The sign convention for the curvature is chosen in such a way that a spherical vesicle has c < 0. The free energy f ± per unit area in monolayer ± reads [11] :
where σ 0 represents the tension of the bilayer and κ its bending modulus, while k is the stretching modulus of a monolayer, and e denotes the distance between the neutral surface [12] of a monolayer and the midsurface of the bilayer. As we assume that the two monolayers of the membrane are identical before the chemical modification, these constants are the same for both monolayers. The spontaneous curvatures of the two monolayers have the same absolute value c 0 and opposite signs, since their lipids are oriented in opposite directions. The expression for f ± in Eq. (1) corresponds to a general second-order expansion in the small dimensionless local variables r ± and ec, around the reference state which corresponds to a flat membrane with uniform density ρ ± = ρ 0 . It is valid for small deformations around this reference state: r ± = O(ǫ) and ec = O(ǫ), where ǫ is a small dimensionless parameter used for bookkeeping purposes, which characterizes the amplitude of the small deformations of the membrane around the reference state. Mathematically, ǫ is considered infinitesimal. Note that in general, both c and r ± , which describe local small deformations around the reference state, are functions of time and of position on the membrane.
Let us now focus on the way the membrane free energy is affected by the local chemical modification. We consider that the reagent source, which corresponds to the micropipette tip in an experiment, is localized in the water above the membrane. Besides, membrane permeation and flip-flop are neglected given their long timescales. Hence, the chemical modification only affects the upper monolayer, i.e., monolayer +, and not the lower one. Let us denote by φ the local mass fraction of the lipids of the upper monolayer that are chemically modified: φ depends on time and position since it arises from the local chemical modification. We assume that the reagent concentration is small enough for φ to remain small at every time and position on the membrane, and we characterize this smallness through φ = O(ǫ). In order to describe the chemically modified membrane, we have to include the third small variable φ in our second-order expansion of f + . We obtain [11] :
where the constants σ 1 , σ 2 , andc 0 describe the response of the membrane to the chemical modification. These constants depend on the reagent that is injected. Their physical meaning will be explained in the next paragraph. Besides, the nonanalytical mixing entropy termσ (1 + r + ) φ ln φ has been added to our second-order expansion [11] . Note that we assume that the three small dimensionless local variables φ, r ± and ec are of the same order. In fact, in the present work, the deformation of the membrane and the density variation are caused by the local chemical modification, i.e., they are a response to φ, which justifies that ec and r ± are of the same order as φ. We refer the reader to Ref. [11] for more details on the derivation of Eqs. (1) and (2) .
The effect of the chemical modification (i.e., of φ) on the upper monolayer is twofold. First, the scaled equilibrium density on the neutral surface of the upper monolayer is changed by the amount σ 1 φ/k to first order. Second, the spontaneous curvature of the upper monolayer is changed by the amount −c 0 φ to first order, withc 0 =c 0 + 2σ 1 e/κ. These results are obtained by minimization of the free energy of a homogeneous monolayer with constant mass (see Appendix A). Hence, the constants σ 1 andc 0 describe the linear response of the monolayer equilibrium density and of its spontaneous curvature, respectively, to the chemical modification. This explains the physical meaning of the constants σ 1 andc 0 in Eq. (2) . Note that σ 2 corresponds to the quadratic response of the membrane to the chemical modification, but it will not have any relevant effect in the following.
Dynamical equations
The elastic force densities in a monolayer described by the free-energy densities in Eqs. (1-2) have been derived in Ref. [11] to first order in ǫ, using the principle of virtual work. As we focus on small deformations of an infinite flat membrane, it is convenient to describe it in the Monge gauge by the height z = h(r), r ∈ R 2 , of its midlayer with respect to the reference plane z = 0. Then, ec = e∇ 2 h to second order. Such a description is adapted to practical cases where the distance between the reagent source and the membrane is much smaller than the vesicle radius. The force per unit area of the reference plane, which we call "force density", then reads to first order in ǫ
where p ± t is the tangential component of the force density in monolayer "±", while p z = p + z + p − z is the total normal force density in the membrane. In these formulas, we have introduced the antisymmetric scaled density r a = r + − r − , and the constant κ = κ + 2ke 2 . These expressions show that both the equilibrium density change and the spontaneous curvature change (i.e., both σ 1 andc 0 ) can yield a normal force density, and thus a deformation of the membrane, while only the equilibrium density change can yield a tangential force density and induce tangential lipid flow. An illustration of the role of these force densities in the membrane response to a local chemical modification is provided in Fig. 1 . Here we assume that the result of the chemical modification is to increase the effective size of their headgroups. Hence, the equilibrium density in monolayer + is locally decreased (σ 1 < 0), while the spontaneous curvature is increased in absolute value (c 0 > 0). This results into a normal force density p z > 0 at the center of the modified zone of the membrane (see Eq. (5)), and into a tangential force density in monolayer +, oriented toward the exterior of the modified zone (see Eq. (3)). Both are indicated on the figure by arrows. (c) Due to the normal force density, the membrane starts deforming upwards. The maximum height H and the full width at half maximum W of the deformation are indicated. Note that tangential flows also appear due to tangential force densities.
Using the elastic force densities in Eqs. (3) (4) (5) , it is possible to describe the dynamics of the membrane to first order in the spirit of Ref. [8] . Let us outline the derivation of these equations [5, 7] , which is described in more detail in Appendix B. We use a normal force balance for the bilayer (see Appendix B.2), which involves p z and the normal viscous stress exerted by the surrounding fluid, which is derived in Appendix B.1. Besides, as each monolayer is a two-dimensional fluid, we write down generalized Stokes equations (see Appendix B.2), which involve p ± t , the two-dimensional viscous stress associated with the lipid flow, the tangential viscous stress exerted by the surrounding fluid (see Appendix B.1), and the intermonolayer fric-
, where v ± is the velocity in monolayer ± and b is the intermonolayer friction coefficient [8, 13] . This intermonolayer friction is a tangential force that comes into play when one monolayer slides relatively to the other one 2 . Finally, we use mass conservation in each monolayer. These dynamical equations are best expressed using two-dimensional Fourier transforms of the various fields involved, denoted with hats: for any field f which depends on r and on time t,f is such that
Combining all the above-mentioned equations yields a system of first-order linear differential equations on the two-dimensional variable X = (qĥ,r a ):
where we have introduced the matrix which describes the dynamical response of the membrane [8, 5] :
Here, we have assumed that η 2 q 2 ≪ b and ηq ≪ b. This is true for all the wavevectors with significant weight inφ, if the modified lipid mass fraction φ has a smooth profile with a characteristic width larger than 1 µm. Indeed, η = 10 −3 J s/m 3 for water, and typically η 2 = 10 −9 J s/m 2 and b = 10 9 J s/m 4 [14, 15] . Besides, the forcing term in Eq. (7) reads [5] :
Eqs. (7) (8) show that the membrane deformation is coupled to the antisymmetric density: the symmetry breaking between the monolayers causes the deformation of the membrane. Here, the symmetry breaking is caused by the chemical modification of certain membrane lipids in the external monolayer, i.e., to the presence of φ. And indeed, Eq. (9) shows that the forcing term in Eq. (7) is proportional toφ(q, t).
Profile of the fraction of chemically modified lipids
Before solving Eq. (7), we need to determineφ(q, t), which is involved in the forcing term Y(q, t). The profile φ(r, t) of the mass fraction of chemically modified lipids in the external monolayer arises from the local reagent concentration increase. We focus on reagents that react reversibly with the membrane lipid headgroups. Besides, we assume that the reaction between the lipids and the reagent is diffusion-controlled (see, e.g., Ref. [16] ). In other words, the molecular reaction timescales are very small compared to the diffusion timescales. For such a reversible diffusion-controlled chemical reaction, φ(r, t) is instantaneously determined by the local reagent concentration on the membrane, which results from the diffusion of the reagent in the fluid above the membrane. Note that these hypotheses are verified in the experiments analyzed in Ref. [7] , where the reagent is sodium hydroxide.
We consider that the reagent source is localized in (r, z) = (0, z 0 > 0), which would represent the position of the micropipette tip in an experiment (see Ref. [7] ). The cylindrical symmetry of the problem then implies that the fields involved in our description only depend on r = |r|. We focus on the regime of small deformations h(r, t) ≪ z 0 , and we work at first order in h(r, t)/z 0 . Besides, we study the linear regime where φ(r, t) is proportional to the reagent concentration on the membrane: denoting by C(r, z, t) the reagent concentration field, we have φ
(r, t) ∝ C(r, h(r, t), t). To first order in the membrane deformation, this can be simplified into φ(r, t) ∝ C(r, 0, t).
The field C is determined by the diffusion of the reagent from the local source in the fluid above the membrane. In microinjection experiments, there is also a convective transport of the reagent due to the injection, but the Péclet number remains so small that diffusion dominates. Besides, since the membrane is a surface and φ ≪ 1, we can neglect the number of reagent molecules that react with the membrane when calculating C. Hence, C can be obtained by solving the diffusion equation
where D is the diffusion coefficient of the reagent in the fluid above the membrane, and the source term reads
where θ is Heaviside's function. This corresponds to a constant injection flow from the source starting at t = 0. In addition, the membrane imposes a Neumann boundary condition ∂ z C (r, h(r, t), t) = 0. This relation, which corresponds to a vanishing flux across the membrane, can be simplified to first order into
The solution to this diffusion problem reads
where the causal Green function G of our diffusion problem can be expressed using the method of images [17] :
where we have introduced the infinite-volume causal Green function of the diffusion equation
Combining Eqs. (13, 14, 15) provides an analytical expression for C(r, z, t), and forĈ(q, z, t). Sinceφ(q, t) ∝Ĉ (q, 0, t), we thus obtain an analytical expression forφ, which readŝ
where erf denotes the error function.
As t → ∞,φ(q, t) converges towardŝ
Resolution of the dynamical equations
The membrane deformationĥ is given by the solution to Eq. (7) withφ expressed in Eq. (16) and with the initial condition X(q, t = 0) = (0, 0), corresponding to a non-perturbed membrane. Hence, we have
Here, we have introduced the eigenvalues γ 1 and γ 2 of the matrix M(q) (see Eq. (8)), the associated eigenvectors V 1 = (v 1 , w 1 ) and V 2 = (v 2 , w 2 ), and the solutions A and B of the linear system
The integral in Eq. (18) and the inverse Fourier transform ofĥ can be calculated numerically. This gives the spatiotemporal evolution of the membrane deformation h.
Dimensionless form of the description
Both for physical understanding and for computational efficiency, it is interesting to put our description in dimensionless form. Using the Buckingham Pi theorem and choosing z 0 as the distance unit, bz 2 0 /k as the time unit and σ 0 b 2 z 4 0 /k 2 as the mass unit, the ten parameters in our equations yield seven dimensionless numbers:
The parameters L 1 and L 2 compare the characteristic lengthscales √ κ/σ 0 and e of the membrane to z 0 , while Σ 0 is a dimensionless version of the membrane tension σ 0 . Besides, the parameter ∆ quantifies the importance of the reagent diffusion on the membrane dynamics. We will discuss briefly the effect of varying ∆ in the following.
In the case of a lipid membrane in water, the only dimensional parameters that can span various orders of magnitudes are σ 0 and z 0 . For σ 0 ≥ 10 −8 N/m, i.e., for realistic membrane tensions [18, 19] , and for z 0 ≥ 5 µm, we will see in the following that the only relevant dimensionless parameters in the dynamics of the membrane are µ and
. The first one, µ, then corresponds to the ratio of the two eigenvalues of M(q) for q = 1/(2z 0 ) (see Sec. 3.1.2): hence, it is a crucial element of the membrane dynamical response. The second one, α, quantifies the relative weight of the spontaneous curvature change and of the equilibrium density change of the external monolayer due to the chemical modification (see Sec. 4). Note indeed that α ∝ G/Σ 1 , and that G and Σ 1 describe the two effects of the reagent on the membrane, throughc 0 and σ 1 . The effect of varying µ and α will thus be discussed in the following.
For our numerical calculations, we initially take
These values correspond to the injection of NaOH in water (D = 2125 µm 2 /s [20] ) from a source at z 0 = 10 µm above a floppy membrane with typical constants σ 0 = 10 −7 N/m (see Ref. [19] and references therein), κ = 10 −19 J, k = 0.1 N/m and e = 1 nm [12] . The values of the intermonolayer friction coefficient b and of the water viscosity η are those given above. Note that the time unit bz 2 0 /k is then equal to one second.
Extreme cases
In this Section, we will study the two extreme cases G = 0 and Σ 1 = 0. In other words, we will study separately the dynamics associated with an equilibrium density change and with a spontaneous curvature change of the external monolayer. We will see that these two manifestations of the chemical modification of the membrane due to the reagent concentration increase yield different spatiotemporal evolutions of the membrane deformation. The general case where both effects are present will then be discussed in Sec. 4 .
A priori, the dynamics of the membrane deformation is quite complex, as it involves the evolution of the reagent concentration profile, due to diffusion, simultaneously as the response of the membrane. In order to investigate the effect of the reagent diffusion on the dynamics of the deformation, and to see when the effect of the evolution of the reagent concentration profile becomes negligible, we will compare the two following cases: (i) the realistic case whereφ(q, t) is given by Eq. (16), (ii) the theoretical case where the stationary modification φ s in Eq. (17) is imposed instantaneously:φ(q, t) =φ s (q)θ(t). Note that this case corresponds to the limit of very large ∆.
Equilibrium density change only
Let us first focus on the case where G = 0, in which only the equilibrium density of the upper monolayer is affected by the chemical modification. Fig. 2 shows the evolution with dimensionless time τ = kt/(bz 2 0 ) of the membrane deformation height H(τ) = h(0, τ) in front of the source, and of the full width at half-maximum W(τ) of the deformation (see Fig. 1(c) for an illustration of the definitions of H and W). The cases (i) and (ii) introduced above are presented. On these graphs, we also show Φ(τ) = φ(0, τ)/φ s (0) and the full width at half-maximum W φ of φ in case (i). Fig. 2 shows that the membrane undergoes a transient deformation that relaxes to zero while getting broader and broader. The local asymmetric density perturbation relaxes by spreading in the whole membrane. However, this process is slowed down by intermonolayer friction, so the density asymmetry is transiently solved by a deformation of the membrane [21, 5] . This deformation is downwards if Σ 1 > 0, and upwards if Σ 1 < 0.
Effect of reagent diffusion
In the realistic case (i), at short times, the membrane dynamics is governed by the evolution of φ due to the reagent diffusion. Conversely, at long times, once φ is close enough to its steady-state profile φ s , the dynamics of the membrane deformation is similar in case (i) and in case (ii). This can be seen in Fig. 2 : first, H(i) and W(i) follow Φ and W φ , and then, they have an evolution very similar to those of H(ii) and W(ii). Thus, after some time, the effect of reagent diffusion on the dynamics of the membrane deformation becomes negligible, and the dynamics of the realistic case (i) can be well approximated by that of the simpler case (ii), which corresponds to the response of the membrane to an instantaneously imposed modification.
The transition time τ c between the diffusion-dominated regime and the membrane-response-dominated regime is determined by the convergence of φ to φ s . As the reagent takes a dimensionless time 1/∆ to diffuse from the source to the membrane, we expect τ c ∝ 1/∆. We studied the dynamics of the deformation height for ∆ ∈ [10 −3 , 10 3 ] by integrating Eq. (7) numerically, and we found that this law is very well verified. For our standard value of ∆ (see Eq. 21), used in Fig. 2 , we have τ c ≈ 0.5 ≈ 10/∆.
Analytical insight
Let us discuss analytically the simple case (ii). The longtime behaviors obtained in this case are especially interesting, since they also apply to the realistic case (i). Let us focus on σ 0 ≥ 10 −8 N/m, i.e., on realistic membrane tensions, and let us keep the standard values of the other parameters involved in M(q) (see below Eq. (21)), as these parameters cannot vary significantly for a membrane in water. The eigenvalues of M(q), which correspond to the two independent relaxation rates of a perturbation of the membrane with wavelength 2π/q, can then be approximated by This leads to a simple expression of the solution of the dynamical equation Eq. (7):
with p = qz 0 . This expression shows that the only parameter that is relevant in the dynamics is µ. Note that, in the realistic case (i), the value of ∆ is relevant too. In the long-time limit, as the deformation spreads, we have 2p ≪ µ for all the wavevectors with significant weight inĥ(p, τ). In this case, calculating the inverse Fourier transform of Eq. (24) for r = 0 yields
and the numerical results for W are in excellent agreement with
as can be seen in Fig. 2(b) . This law can also be obtained analytically if φ s is replaced by a Gaussian. In the short-time limit, Eq. (24) yields H ∼ τ and W → 2(2 2/3 − 1) 1/2 z 0 . These asymptotic behaviors, both for the shorttime limit and for the much more interesting long-time limit, are plotted in red (gray) lines on Fig. 2 . The transition between the two asymptotic regimes is determined by the value of µ, which is the only parameter that controls the dynamics in case (ii). In particular, it is possible to show that the long-term scaling laws are valid for τ ≫ max (1, 1/µ 2 ). We studied the dynamics of the deformation height for µ ∈ [10 −3 , 10 3 ] by integrating Eq. (7) numerically, and we found that this law is very well verified.
Diffusive spreading of an antisymmetric density perturbation
The long-term scaling W ∼ √ τ shows that the local antisymmetric density perturbation spreads diffusively. Let us emphasize that this diffusive behavior is not related to the diffusion of the reagent in the solution above the membrane, as in the long-term limit, φ has reached its steady-state profile φ s . The fact that the long-term scaling W ∼ √ τ holds in case (ii), where the profile φ s is established instantaneously, as well as in case (i) (see Fig. 2(b) ), illustrates that this scaling law is not related to the reagent diffusion.
The long-term diffusive spreading of the antisymmetric density perturbation can be understood as follows. At long times, the difference between the Stokes equations for each monolayer Eq. (B.12) and Eq. (B.13) can be approximated by
in real space. To obtain this equation from the difference between Eq. (B.12) and Eq. (B.13), we have used η 2 q 2 ≪ b and ηq ≪ b (see below Eq. (8)), and also |2e q 2ĥ | ≪ |r a − σ 1φ /k|, which holds for τ ≫ 1. The last relation can be shown using Eq. (24) in the long-time limit. Using Eq. (27), the antisymmetric convective mass current j a = j + − j − can be expressed to first order as
this current has a diffusive form. Combining this with the mass conservation relations in Eq. (B.14) finally yields the diffusion equation
Hence, the local asymmetry in density between the two monolayers finally relaxes by spreading diffusively, with an effective diffusion coefficient k/(2b). This slow relaxation is due to intermonolayer friction. Note that we can now interpret the dimensionless number ∆ defined in Eq. (20) as (half) the ratio of the reagent diffusion coefficient D to this effective diffusion coefficient. The fact that a local density asymmetry in the two monolayers of a membrane relaxes by spreading diffusively is generic. Here, the asymmetry is due to a local chemical modification of one monolayer, but it can also be caused, e.g., by a sudden flip of some lipids from one monolayer to the other [21] . Our description of this diffusive behavior generalizes that of Ref. [21] , which focused on a perturbation with a spherical cap shape and a uniform density asymmetry. Note that this diffusive behavior was first mentioned in Ref. [13] , within a different theoretical framework, and restricting to axially-symmetric deformations.
Spontaneous curvature change only
Let us now focus on the second extreme case, where Σ 1 = 0, i.e., where only the spontaneous curvature of the upper monolayer is affected by the chemical modification. Fig. 3 shows that the deformation converges to a deformed profile, in contrast with the previous case: while a local density asymmetry spreads on the whole membrane, a local spontaneous curvature modification leads to a locally curved equilibrium shape. The deformation is upwards if G > 0, and downwards if G < 0. As in Sec. 3.1, in the realistic case (i), the membrane dynamics is governed by the reagent diffusion at short times τ ≪ τ c , while at long times τ ≫ τ c , it is similar in case (i) and in case (ii). The long-time dynamics thus corresponds to the response of the membrane to an instantaneously imposed chemical modification.
In the simple case (ii), the approximations on γ 1 and γ 2 introduced in Sec. 3.1.2 yield
where we have used the notation p = qz 0 as above. Calculating the inverse Fourier transform of this function for r = 0 yields
for all τ > 0. This analytical law for the deformation height H is plotted in red (gray) lines in Fig. 3(a) . Let us focus on the long-time limit, which is especially interesting, since the results found in case (ii) also apply to the realistic case (i). Eq. (30) shows that in this limit,ĥ(p, τ) ∝ φ s (p), so that the long-time profile of the membrane deformation is fully determined by that of φ. In particular, for τ → ∞,
1/2 z 0 again. These asymptotic behaviors regarding the deformation width W are plotted in red (gray) lines in Fig. 3(b) , both for the short-time limit and for the much more interesting long-time limit.
As in Sec. 3.1, in case (ii), µ is the only relevant parameter in the dynamics of the membrane deformation (see Eq. (30)), and it determines the transition time between the two asymptotic regimes. In the realistic case (i), the value of ∆ is relevant too.
General case
Generically, a chemical modification will affect both the equilibrium density and the spontaneous curvature of the upper monolayer. The general solution of Eq. (7) is a linear combination of the two solutions obtained for the two extreme cases: G = 0 (see Sec. 3.1) and Σ 1 = 0 (see Sec. 3.2) . In this Section, we will only discuss the realistic case (i) where the reagent diffusion is taken into account. As in the two extreme cases, the effect on the membrane dynamics of the evolution of φ due to reagent diffusion is crucial for τ ≪ τ c , while it becomes negligible for τ ≫ τ c .
For a lipid membrane in water such that σ 0 ≥ 10 −8 N/m and for z 0 ≥ 5 µm, we have seen that in both extreme cases, the dynamics is influenced only by µ and ∆ (see Secs. 3.1-3.2). Hence, in the general case, the dynamics is influenced by µ, ∆, and by the parameter
which quantifies the relative importance of the spontaneous curvature change and of the equilibrium density change of the external monolayer due to the chemical modification. Indeed, Eq. (5) shows that the ratio of the normal force density arising from the spontaneous curvature change to the normal force density arising from the equilibrium density change is equal to −2α. The effect of varying ∆ was discussed in Secs. 3.1-3.2, and in addition, ∆ cannot vary much for a reagent injected in water above a lipid membrane. Hence, we will focus on the influence of µ and α on the membrane dynamics.
The value of the ratio α of the spontaneous curvature change to the equilibrium density change is a priori unknown, as σ 1 andc 0 , which are involved in Σ 1 and G, respectively (see Eq. 20), are unknown. The actual values of σ 1 andc 0 depend on the reagent as well as on the membrane itself, as these two parameters describe the linear response of the membrane to a reagent (see Eq. 2). Let us assume that α > 0, i.e., that the equilibrium density change and the spontaneous curvature change induce deformations in the same direction. This is true, e.g., for a chemical modification that affects the lipid headgroups in such a way that it yields an effective change of the preferred area per headgroup [5] . A rough microscopic model, where lipids are modeled as cones that favor close-packing, then yields α ≈ 1, which corresponds to the case where the two effects yield destabilizing normal force densities of similar magnitudes [5] . Thus, we expect α ≈ 1. Fig. 4(a) shows the evolution of H in case (i) for three different values of α. The deformation height features an extremum H e , and then a relaxation. This behavior is due to the change of the equilibrium density (see Sec. 3.1). Conversely, the nonzero asymptotic deformation H ∞ arises from the change of the spontaneous curvature (see Sec. 3.2). The relative importance of H e to H ∞ thus depends on α. This means that studying the dynamics of the membrane deformation in response to a local chemical modification provides information on the ratio of the spontaneous curvature change to the equilibrium density change induced by this chemical modification.
In Fig. 4(b) -(c), the ratio H e /H ∞ is plotted versus α for different values of µ. Indeed, as mentioned above, the membrane dynamics is determined both by α and by µ (at constant ∆). The order of magnitude of H e can be estimated assuming an equilibrium density change and/or a spontaneous curvature change of a few percent: H e is of order 1 − 10 µm for flaccid membranes, and smaller than 0.1 µm if σ 0 ≥ 10 −5 N/m. Hence, we choose σ 0 ∈ [10 −8 , 10 −6 ] N/m, which yields µ ∈ [1, 100] for z 0 = 10 µm: such values are taken in Fig. 4(b)-(c) .
Our study shows that one can deduce α, and thus the relative importance of the spontaneous curvature change to the equilibrium density change due to a chemical modification, from the measurement of H e /H ∞ . This is very interesting, given that such information cannot be deduced from the study of static and global membrane modifications [9, 22] . Indeed, the equilibrium vesicle shapes in the area-difference elasticity model are determined by the combined quantity
which involves both the equilibrium density and the spontaneous curvature. In this expression, ∆a 0 is the dimensionless preferred area difference between the two monolayers, which is related to the asymmetric equilibrium density change, while c b 0 denotes the dimensionless spontaneous curvature of the bilayer, which is related to the asymmetric spontaneous curvature change [22] . The parameter ξ in Eq. (33) is a dimensionless number involving the elastic constants of the membrane. Note that the vesicle shape variations due to global modifications of the vesicle environment are usually interpreted as coming only from a change of the spontaneous curvature, under the assumption that the preferred area per lipid is not modified [9, 23, 24] . In order to determine the ratio α of the spontaneous curvature change to the equilibrium density change in a practical case, it is necessary to know the value of µ (see Fig. 4(b)-(c) ). However, as µ does not involve any parameter that depends on the reagent (see Eq. (20)), it is possible to compare the effects of different reagents on the same membrane, i.e., their values of α, even without knowing the precise value of µ.
Conclusion
We have analyzed theoretically the spatiotemporal response of a membrane submitted to a local heterogeneity, in the realistic case of a local concentration increase of a substance that reacts reversibly and instantaneously with the membrane lipid headgroups. In general, the dynamics of the membrane deformation is quite complex, as it involves the evolution of the reagent concentration profile due to diffusion in the solution above the membrane, simultaneously as the response of the membrane. We have shown that, some time after the beginning of the reagent concentration increase, the effect of the evolution of the reagent concentration becomes negligible.
Studying this regime enables to extract interesting properties of the membrane response. We have shown that a local density asymmetry between the two monolayers relaxes by spread-ing diffusively in the whole membrane. Intermonolayer friction plays a crucial part in this behavior. In addition, we have shown how the relative importance of the spontaneous curvature change to the equilibrium density change can be extracted from the dynamics of the membrane response to the local chemical modification. This is a significant result since such information cannot be deduced from the study of a static and global modification using the area-difference elasticity model.
Our description provides a theoretical framework for experiments involving the microinjection of a reagent close to biomimetic membranes. In Ref. [7] , we used the theoretical model presented here to analyze experimental results corresponding to brief microinjections of a basic solution in the regime of small deformations, and we obtained good agreement between theory and experiment. The results of the present theoretical work show that it would be interesting to conduct experiments with a continuous injection phase, since the ratio α of the spontaneous curvature change to the equilibrium density change could then be determined for various membrane compositions and reagents.
In biomimetic membranes as well as in cells, remarkable phenomena occur in the regime of larger deformations: cristaelike invaginations [3] , tubulation [4] , pearling [25] , budding, exo-or endocytosis [1] , etc. To study such phenomena, it would be useful to pursue our study in the nonlinear regime.
